The interaction of polymers with turbulent shear flows is examined. We focus on the structure of the elastic stress tensor, which is proportional to the polymer conformation tensor. We examine this object in turbulent flows of increasing complexity. First is isotropic turbulence, then anisotropic ͑but homogenous͒ shear turbulence, and finally wall bounded turbulence. The main result of this paper is that for all these flows the polymer stress tensor attains a universal structure in the limit of large Deborah number Deӷ 1. We present analytic results for the suppression of the coil-stretch transition at large Deborah numbers. Above the transition the turbulent velocity fluctuations are strongly correlated with the polymer's elongation: there appear high-quality "hydroelastic" waves in which turbulent kinetic energy turns into polymer potential energy and vice versa. These waves determine the trace of the elastic stress tensor but practically do not modify its universal structure. We demonstrate that the influence of the polymers on the balance of energy and momentum can be accurately described by an effective polymer viscosity that is proportional to the cross-stream component of the elastic stress tensor. This component is smaller than the streamwise component by a factor proportional to De 2 . Finally we tie our results to wall bounded turbulence and clarify some puzzling facts observed in the problem of drag reduction by polymers.
I. INTRODUCTION
The dynamics of dilute polymers in turbulent flows is a rich subject, combining the complexities of polymer physics and of turbulence. Besides fundamental questions there is a significant practical interest in the subject, particularly because of the dramatic effect of drag reduction in wall bounded turbulent flows ͓1-4͔. On the one hand, the polymer additives provide a channel of dissipation in addition to the Newtonian viscosity; this had been stressed in the past mainly by Lumley ͓5,6͔. On the other hand, the polymers can store energy in the form of elastic energy; this aspect had been stressed, for example, by Tabor and de Gennes ͓7͔. A better understanding of the relative roles of these aspects requires a detailed analysis of the dynamics of the "complex fluid" obtained with dilute polymers in the turbulent flow regime.
Some important progress in the theoretical description of the statistics of polymer stretching in homogeneous, isotropic turbulence of dilute polymer solutions was offered in Refs. ͓8-10͔. Here we want to stress the fact that in the practically interesting turbulent regimes, and in particular when there exists a large drag reduction effect, the characteristic mean velocity gradient ͑say, the mean shear S 0 ͒, is much larger than the inverse polymer relaxation time, p , S 0 p ӷ 1. Usually this parameter is referred to as the Deborah or Weissenberg number:
De ϵ Wi ϵ S 0 p .
͑1.1͒
Indeed, the onset of drag reduction corresponds to Reynolds number Re cr at which Deϳ 1. Large drag reduction corresponds to Reӷ Re cr at which DeӍ Re/ Re cr ӷ 1. The aim of this paper is to provide a theory of the polymer stress tensor ⌸ ͓defined in Eq. ͑2.1b͔͒ in turbulent flows in which Deӷ 1. The main result is a relatively simple form ͑1.2a͒ of the mean polymer stress tensor ⌸ 0 that enjoys a high degree of universality. Denoting by x and ŷ the unit vectors in the mean velocity and mean velocity gradient directions ͑streamwise and cross-stream directions in a channel geometry͒ and by ẑ = x ϫ ŷ the spanwise direction, we show that tensor ⌸ 0 has a universal form: One sees that in the ͑x -ŷ ͒ plane the tensorial structure of ⌸ 0 is independent of the statistics of turbulence:
͑1.2b͒
Due to the symmetry of the considered flows with respect to reflection z → −z, the off-diagonal components ⌸ 0 xz and ⌸ 0 yz vanish identically:
The only nonuniversal entry in Eq. ͑1.2a͒ is the dimensionless coefficient C. We show that C = 1 for shear flows in which the extension of the polymers is caused by temperature fluctuations and/or by isotropic turbulence. For anisotropic turbulence the constant C is of the order of unity. The universal tensorial structure ͑1.2a͒-͑1.2c͒ has important consequences for the problem of drag reduction in dilute polymeric solutions. We show that the effect of the polymers on the balance of energy and mechanical momentum can be described by an effective polymer viscosity that is proportional to the cross-stream component of the elastic stress tensor ⌸ 0 yy . According to Eq. ͑1.2b͒ this component is smaller than the streamwise component ⌸ 0 xx by a factor of 2 De 2 . This finding resolves the puzzle of the linear increase of the effective polymeric viscosity with the distance from the wall, while the total elongation of the polymers ͓dominated by the largest component ⌸ 0 xx of the tensor ͑1.2a͔͒ decreases with the distance from the wall. We show that our results for the profiles of the components ⌸ 0 ij are in a good agreement with direct numerical simulation ͑DNS͒ of the finitely extensible nonlinear elastic-Peterlin's version ͑FENE-P͒ model in turbulent channel flow.
The paper is organized as follows. In Sec. II A we present the basic equations of motion of the problem. In Sec. II B we describe the standard Reynolds decomposition of the equations of motion for the mean and fluctuations of the relevant variables. In Sec. II C we find general solution for ⌸ 0 and formulate ͑the very weak͒ conditions at which it simplifies to the universal form ͑1.2a͒-͑1.2c͒.
In Sec. III we analyze the phenomenon of polymer stretching in shear flows with prescribed turbulent velocity fields, either isotropic, Sec. III B, or anisotropic, Sec. III C. We relate the value of C to the level of anisotropy in the turbulent flow. We also show in this section that a strong mean shear suppresses the threshold value for the coilstretched transition by a factor De 2 , see Eqs. ͑3.10a͒ and ͑3.10b͒.
Sections IV and V are devoted to the case of strong turbulent fluctuations for which the fluctuating velocity and polymeric fields are strongly correlated. In Sec. IV we consider the case of homogeneous shear flows. In Sec. V we discuss wall bounded turbulence in a channel geometry, compare our results with available DNS data and apply our finding to the problem of drag reduction by polymeric solutions.
Section VI presents summary and a discussion of the obtained results.
The Appendix offers some useful exact relationships for the energy balance in the system.
II. EQUATIONS OF MOTION AND SOLUTION FOR SIMPLE FLOWS

A. Equations of motion for dilute polymer solutions
The equation for the velocity field of the complex fluid reads
Here V ϵ V͑t , r͒, P ϵ P͑t , r͒ and 0 are the fluid velocity, the pressure, and Newtonian viscosity of the neat fluid, respectively. The fluid is considered incompressible, and units are chosen such that the density is 1. The effect of the added polymer appears in Eq. ͑2.1a͒ via the elastic stress tensor ⌸ ϵ ⌸͑t , r͒.
In this paper we consider dilute polymers in the limit that their extension due to interaction with the fluid is small compared with their chemical length. In this regime one can safely assume that the polymer extension is proportional to the applied force ͑Hook's law͒. We simplify the description of the polymer dynamics assuming that the relaxation to equilibrium is characterized by a single relaxation time p , which is constant at small extensions. In this case ⌸ can be written as
where 0p is polymeric viscosity for infinitesimal shear, and R is the polymer end-to-end elongation vector, normalized by its equilibrium value R eq ͑in equilibrium RR= ␦͒. The average in Eq. ͑2.1b͒ is over the Gaussian statistics of the Langevin random force which describes the interaction of the polymer molecules with the solvent molecules at a given temperature, but not over the turbulent ensemble.
The equation for the elastic stress tensor ⌸ has the form
Here S ϵ S͑t , r͒ is the velocity gradient tensor and ␦ is unit tensor.
Choice of coordinates. In this paper we consider both homogeneous and wall bounded shear flows. In both cases we choose the coordinates such that the mean velocity is in the x direction and the gradient is in the ŷ direction. In wall bounded flows x and ŷ are unit vectors in the streamwise and the wall normal directions:
The unit vector orthogonal to x and ŷ ͑the spanwise direction in wall bounded cases͒ is denoted as ẑ.
B. Reynolds decomposition of the basic equations
In the following we need to consider separately the mean values and the fluctuating parts of the velocity V͑r , t͒, the velocity gradient S͑r , t͒, and the elastic stress tensor ⌸͑r , t͒ fields. We define the fluctuating parts via
All the mean quantities will be denoted with a 0 subscript ͑e.g., the mean velocity V 0 ͒, and all the fluctuating quantities by the lower-case letters v , p , , s, etc. These mean values are computed with respect to the appropriate turbulent ensemble. Note that the mean pressure in a homogeneous shear flow is zero, P 0 = 0, and all mean quantities ͑except the mean velocity V 0 x = S 0 y, of course͒ are coordinate independent and, by definition, time independent.
Equations for the mean objects
a. The equation for the mean elastic stress tensor ⌸ 0 follows from Eq. ͑2.1c͒:
where ⌸ eq is given by Eq. ͑2.1c͒, and ͗¯͘ denotes an average with respect to the turbulent ensemble. In components:
Here D / Dt is the mean substantial time derivative
The substantial derivative vanishes in the stationary case, when all the statistical objects are t and x independent. b. The equation for the mean velocity follows from Eq. ͑2.1a͒:
where W is the Reynolds stress tensor:
In the stationary case ‫ץ‬V 0 / ‫ץ‬t = 0 and Eq. ͑2.6͒ gives
where constant of integration P has a physical meaning of the total momentum flux. The three terms on the left-hand side ͑LHS͒ of Eq. ͑2.8͒ describe the viscous, inertial, and polymeric contributions to P. In a homogeneous-shear geometry all these terms are y-independent constants, whereas in a channel geometry they depend on the distance to the wall. Notice that Eq. ͑2.8͒ also can be considered as an equation for the balance of mechanical forces in the flow.
Equations for the fluctuations
The equations for the fluctuating parts v and read
͑2.9b͒
where ١ · v = 0, and
Here ͑¯͒ ϳ denotes the "fluctuating part of" ͑¯͒. 
We can proceed to solve this equation implicitly, treating Q on the right-hand side ͑RHS͒ as a given tensor, and solve the linear set of equation for ⌸ 0 . In the considered geometry Eq. ͑2.11͒ is a system of four linear equations, and the solution is expected to be quite cumbersome. However, property ͑2.10͒ allows a very elegant solution of this system. Using Eq. ͑2.11͒ iteratively ͑i.e., substituting instead of ⌸ 0 on the RHS of Eq. ͑2.11͒ the whole RHS͒, we get
One sees that due to Eq. ͑2.10͒ the last term in this equation vanishes. Repeating this procedure once again, we obtain the exact solution of Eq. ͑2.11͒ in the form of a finite ͑quadratic͒ polynomial of the tensor S 0 :
͑2.12a͒
The individual components of the solution Eq. ͑2.12a͒ are given by
Notice that the xz and yz components of ⌸ 0 vanish due to the symmetry of reflection z → −z, which remains relevant in all the flow configurations addressed in this paper.
In the limit Deӷ 1 the tensorial structure ͑2.12b͒ can be simplified to the form ͑1.2a͒-͑1.2c͒ if
Indeed, in this case one can neglect the last two terms in ⌸ 0 xx and the second term in ⌸ 0 xy and obtain Eqs. ͑1.2a͒-͑1.2c͒ with C = Q zz / Q yy .
Explicit solution for laminar homogeneous shear flows
The solution ͑2.12a͒ and ͑2.12b͒ allows further simplification in the case of laminar shear flow, in which Q T of Eq. ͑2.4c͒ vanishes, Q T = 0, and thus, according to Eqs. ͑2.1c͒ and ͑2.4b͒, the tensor Q becomes proportional to the unit tensor:
With this relationship Eq. ͑2.12a͒ simplifies to 
͑2.15͒
Equation ͑2.15͒, in which ⌸ eq is given by Eq. ͑2.1c͒, is important in itself as an explicit solution for ⌸ 0 in the case of laminar shear flow. But more importantly, this equation together with Eqs. ͑2.12a͒ and ͑2.12b͒ gives a hint regarding the tensorial structure of ⌸ 0 even in the presence of turbulence, when the coupling between the velocity and the polymeric elongation field, leading to the cross correlation Q T , cannot be neglected.
To see why the simple result ͑2.15͒ may be relevant also for the turbulent case, note first that the nondiagonal elements with z projection, i.e., ⌸ 0 xz and ⌸ 0 yz , are identically zero in general as long as the symmetry z → −z prevails. Second, for large Deborah numbers, Deӷ 1, the nonzero components in both Eqs. ͑2.12b͒ and ͑2.15͒ have three different orders of magnitude: ⌸ 0 xx ӷ⌸ 0 xy ӷ⌸ 0 yy Ӎ ⌸ zz . In other words, the tensor ⌸ 0 is strongly anisotropic, reflecting a strong preferential orientation of the stretched polymers along the streamwise direction x . The characteristic deviation angle ͑from the x direction͒ is of order O͑1/De͒.
Notice that Eqs. ͑2.12a͒ and ͑2.12b͒ relate the polymeric stress tensor ⌸ 0 to the cross-correlation tensor Q T , Eq. ͑2.4c͒. In its turn this tensor depends on the polymeric stretching, which is described by the same tensor ⌸ 0 . Therefore, generally speaking, Eqs. ͑2.12a͒ and ͑2.12b͒ remain an implicit solution of the problem, which in general requires considerable further analysis. However, as we discussed above, Eq. ͑2.12a͒ is more transparent than the starting Eqs. ͑2.4a͒-͑2.4d͒. In particular, if the tensor Q is not strongly anisotropic, the tensorial structure of ⌸ 0 is close to Eq. ͑2.15͒ for the laminar case. We will see below that this structure is indeed recovered under more general conditions.
In the following Secs. III and IV we will find explicit solutions for the elastic stress tensor in the presence of turbulence which share a structure similar to Eq. ͑2.15͒. Namely, for Deӷ 1 the leading contribution to each component of ⌸ 0 can be presented as Eqs. ͑1.2a͒-͑1.2c͒, in which C, given by Eqs. ͑3.13͒ and ͑5.8͒, is some constant of the order of unity, depending on the anisotropy of turbulent statistics.
III. POLYMER STRETCHING IN THE PASSIVE REGIME
A. Cross-correlation tensor Q T in Gaussian turbulence
When Deӷ 1 the characteristic decorrelation time of turbulent fluctuations, cor Շ 1/S 0 , is much smaller than the polymer relaxation time p . Accordingly the turbulent fluctuations can be taken as ␦ correlated in time:
͑3.1͒
This approximation is valid below the threshold of coilstretched transition, when the polymers do not affect the turbulent statistics. This regime will be referred to as the "passive" regime. The fourth-rank tensor ⌶ pas defined by Eq. ͑3.1͒ is symmetric with respect to permutations of the two first and two last indices, ⌶ pas iiЈ,jjЈ = ⌶ pas iЈi,jЈj . Incompressibility leads to the restriction ⌶ pas ik,jk = 0. Homogeneity implies ⌶ pas iiЈ,jjЈ = ⌶ pas iiЈ,jЈj . At this point we assume also Gaussianity of the turbulent statistics. Then the tensor Q T can be found using the FurutsuNovikov decoupling procedure developed in Refs. ͓13,14͔ for Gaussian processes:
The cross-correlation tensor Q T is proportional to a presently undetermined stress tensor ⌸ 0 . To find ⌸ 0 one has to substitute Eq. ͑3.2͒ into Eqs. ͑2.4a͒-͑2.4d͒ or into its formal solution ͑2.15͒ and to solve the resulting linear system of four equations for the nonzero components of ⌸ 0 : ⌸ xx , ⌸ yy , ⌸ zz , and ⌸ xy = ⌸ yx . The resulting equations are quite cumbersome. The basic physical picture simplifies, however, in two limiting cases: ͑i͒ isotropic turbulence, Sec. III B, and ͑ii͒ anisotropic turbulence in the limit of strong shear, Sec. III C.
B. Isotropic turbulence
First we consider the simplest case of isotropic turbulence. In this case the tensor ⌶ pas has the form
where ⌶ is a constant measuring the level of turbulent fluctuations. Using Eq. ͑3.3͒ in Eq. ͑3.2͒ for Q T one gets
͑3.4͒
Substituting this relationship into Eq. ͑2.4a͒ one gets a closed equation for ⌸ 0 :
͑3.5a͒
The stationary solution of Eq. ͑3.5a͒ has the form
In components: 
͑3.6b͒
De ϵ p S 0 Ͻ De.
͑3.6c͒
We see that the tensor structure of ⌸ 0 has the same form as in the laminar case, but with an increased relaxation frequency given by Eq. ͑3.5b͒. Taking the trace of Eqs. ͑3.6a͒-͑3.6c͒, one gets the following equation for ⌸ 0 yy :
ͪ⌶.
͑3.8͒
We see that the effective damping ⌫ decreases with increasing the turbulence level ⌶. At some critical value of ⌶ = ⌶ c , the effective damping goes to zero, ⌫ → 0, and formally ⌸ 0 → ϱ. The critical value ⌶ c corresponds to the threshold of the coil-stretch transition. Substituting Eq. ͑3.6c͒ into the threshold condition ⌫ = 0, one gets a third-order algebraic equation for X ϵ ⌶ c p :
This equation has one real root ⌶ c , which we consider in two limiting cases: ͑1͒ Small shear S 0 Ӷ 1/ p ͑DeӶ 1͒. In this case the threshold turbulence level ⌶ c is proportional to the polymer relaxation frequency
͑3.10a͒
͑2͒ Large shear S 0 ӷ 1/ p ͑Deӷ 1͒. In this case the threshold velocity gradient is much smaller. Indeed,
Evidently, the strong mean shear decreases the threshold of the coil-stretch transition very significantly, by a factor of De 2 . The important conclusion is that in the entire region below the threshold, ⌶ഛ⌶ c , the renormalization of the Deborah number can be safely neglected:
This means that the structure of the elastic stress tensor in the passive regime ͑3.6b͒ hardly differs from the laminar case ͑2.15͒.
C. Elastic stress tensor in anisotropic turbulent field
Here we consider the case of strong shear, De→ ϱ, having in mind that in the passive regime the tensorial structure of ⌶ pas ͓see Eq. ͑3.3͔͒ is independent of De. In this case the leading contributions to each component of ⌸ 0 in Eq. ͑2.12b͒ are
This means that for Deӷ 1 ⌸ 0 takes on the form ͑1.2a͒, ͑1.2b͒, and ͑1.2c͒ with
The threshold condition for ⌶ can be found along the lines of the preceding subsection. The result is that only one component of the tensor ⌶ pas is important: show that the level of turbulent activity in turbulent polymeric flows is of the same order as in Newtonian flow at the same conditions. Simple estimations for the typical conditions in the maximum drag reduction ͑MDR͒ regime, when one observes large drag reduction, show that the parameter ⌶ is far above the threshold value ͑3.10b͒. Therefore, polymers in the MDR regime cannot be considered as passive: there should be some significant correlations between polymers and fluid motion that prevent polymers from being infinitely extended despite supercritical level of turbulence. The character of these correlations is clarified in the following section.
IV. ACTIVE REGIME OF THE POLYMER STRETCHING
In this section we continue the discussion of the case of homogeneous turbulence with mean shear, but allow for su-percritical levels of turbulent fluctuations, at which the polymers are strongly stretched. In that case they can no longer be considered as a passive field that does not affect the turbulent fluctuations. In this active regime of the polymer stretching one cannot use Eq. ͑3.2͒ for the cross-correlation tensor Q T of the turbulent velocity field v͑r , t͒ and polymeric stretching ͑r , t͒. In the present section we reconsider the v-correlations and show that in the active regime they are determined by the so-called hydroelastic waves which are involved in transforming turbulent kinetic energy into polymer potential energy and vice versa ͓9,11,15͔. Therefore in order to find Q T in the active regime we need first to reconsider the basic properties of the hydroelastic waves themselves. This is done in Secs. IV A and IV B. In Sec. IV A we demonstrate that the coupled Eqs. ͑4.4a͒-͑4.4e͒ for v and give rise to propagating hydroelastic plane waves
with the dispersion law k and damping ␥ k :
͑4.1b͒
͑4.1c͒
Note that Eq. ͑4.1b͒ reduces to the form in Ref. ͓11͔ ͑ k ϰ ͉͗R͘ · k͉͒ when the tensor ⌸ 0 ij is decomposed to the product structure
This approximation, which does not take into account the correlations of fluctuations of different components of the tensor ⌸ 0 , is not important for the purposes of Ref. ͓11͔. It is not appropriate in our context; for example the component ⌸ 0 xy , which vanishes in the approximation ͑4.2͒, is crucial in transporting mechanical momentum to the wall.
For large shear, Deӷ 1, these waves ͑with the exception of those propagating exactly in the streamwise direction x ͒ have high quality factor: k ӷ ␥ k . The desired crosscorrelation tensor Q T is defined by the polarization of the hydroelastic waves, that is the subject of Sec. IV B. In Sec. IV C we derive the following equation for tensor Q T :
that is very similar to the corresponding Eq. ͑3.2͒ in the passive regime. However, in Eq. ͑4.3͒ the proportionality tensor ⌶ act , given by Eq. ͑4.12a͒, is very different from the corresponding tensor ⌶ pas in the passive regime.
A. Frequency and damping of hydroelastic waves
Equations ͑2.9a͒-͑2.9c͒ for the vector v and tensor can be reformulated in terms of a new vector:
instead of the tensor . The new equations read
where
The linearized version of Eqs. ͑4.4a͒-͑4.4e͒ gives rise to hydroelastic waves ͓9,11,15͔ with an alternating exchange between the kinetic energy of the carrier fluid and the potential energy of the polymeric subsystem. In the simplest case of space-homogeneous turbulent media ͑no mean shear, S 0 =0͒ the homogeneous Eqs. ͑4.4a͒-͑4.4e͒ have plane wave solutions, cf. Eqs. ͑4.1a͒-͑4.1c͒. When the mean shear exists it appears in Eqs. ͑4.4a͒-͑4.4e͒ with a characteristic frequency S 0 . In the region of parameters that we are interested in, S 0 is much smaller than the wave frequency k , but much larger than the wave damping frequency ␥ k . This means that the shear does not affect the wave character of the motion, but it can change the effective damping of the plain wave with a given wave vector k. Indeed, due to the linear inhomogeneity of the mean velocity ͑constant shear͒, the wave vector becomes time dependent according to
This means that in the case S 0 ӷ ␥ k the shear frequency S 0 serves as an effective decorrelation frequency instead of ␥ k :
where b is the dimensionless constant of the order of unity. We reiterate that the limit Deӷ 1 is consistent with the frequency of the hydroelastic waves k being much larger than their effective damping.
B. Polarization of hydroelastic waves
The formal solution of the linear Eq. ͑4.4c͒ for b can be written in terms of the Green's function Ĝ p :
͑4.7b͒
Denoting by F n ͑t , r͒ the result of n-fold action Ĝ p n on the function f͑t , r͒,
one writes
͑4.8b͒
By straightforward calculations one can show that Ĝ p satisfies the following commutative relationship:
͑4.9͒
Using this relation in Eq. ͑4.7a͒ repeatedly we can rewrite b as
͑4.10͒
This is an exact relationship for the polarization of the hydroelastic waves in the presence of mean shear, and it will be used in the analysis of the cross-correlation tensor Q T .
C. General structure of the cross-correlation tensor
The cross-correlation tensor Q T Eq. ͑2.4c͒ can be rewritten in terms of the vector field b as follows:
͑4.11͒
Substituting the vector b from Eq. ͑4.10͒ into Eq. ͑4.11͒ one finds that the cross-correlation tensor Q T is proportional to the elastic stress tensor ⌸ 0 , according to Eq. ͑4.3͒, in which the proportionality tensor ⌶ act is expressed in terms of the second-order correlation functions of the velocity gradients, as follows:
Here ⌶ n are time-integrated tensors defined as follows:
and rЈ = r − S 0 · r. In order to estimate the relative importance of ⌶ 1 , ⌶ 2 , and ⌶ 3 in Eq. ͑4.12a͒ notice that the integrals in Eq. ͑4.12b͒ are dominated by contributions from the longest hydroelastic waves in the system. These longest k vectors have a decorrelation time ␥ ͓which is estimated in Eq. ͑4.6͔͒, and are characterized by a frequency that will be specified below. Using these estimates we can approximate the time dependence of ⌶ ijkl ͑͒ as follows:
Note that the assumption here is that and ␥ do not depend on the tensor indices. This is a simplifying assumption that does not carry heavy consequences for the qualitative analysis. Under these assumptions the tensors ⌶ n in Eq. ͑4.12a͒ can be estimated as follows:
͑4.14b͒
͑4.14c͒
At this point we need to estimate . From Eq. ͑4.1b͒ we see that we need to take the largest of component of ⌸ 0 , and smallest available k vector which will be denoted as k min .
Since we expect the xx component of ⌸ 0 to be the largest component, we write
͑4.15͒
We should note at this point that homogeneous turbulence has no inherent minimal k vector, since there is no natural scale. In reality there is always an outer scale which is determined by external constraints. For further progress in the analysis of the structure of the cross-correlation tensor one needs to specify the outer scale of turbulence. To this end we will consider in the next section homogeneous turbulence with a constant shear as an approximation to wall bounded turbulence of polymeric solution in the region of logarithmic mean velocity profile.
V. POLYMER STRETCHING IN WALL BOUNDED TURBULENCE
In this section we consider turbulent polymeric solutions in wall bounded flows, and show that the elastic stress tensor takes on the universal form ͑1.2a͒-͑1.2c͒. This implies very specific dependence of the components of the elastic stress tensor on the distance from the wall. The theoretical predictions will be checked against numerical simulations and will be shown to be very well corroborated. Since we are interested in drag reduction we must consider here the active regime when the polymers are sufficiently stretched to affect the turbulent field. As mentioned before, large drag reduction necessarily implies Deӷ 1. For concreteness we restrict ourselves by considering the most interesting logarithmic-law region. Extension of our results to the entire turbulent boundary layer is straightforward.
A. Cross-correlation tensor in wall bounded turbulence
In this section we consider in more details tensor Q T for wall bounded turbulent flows. In this case the outer scale of turbulence is estimated as the distance to the wall. Therefore in Eq. ͑4.15͒ k min ϳ 1/ y where y is the distance to the wall.
Also we can use the fact that in the turbulent boundary layer the mean velocity has a logarithmic profile for both Newtonian and viscoelastic flows ͑with slopes that differ by approximately a factor of 5͒. Therefore the mean shear S 0 is inversely proportional to the distance to the wall y and can be estimated as
where P is the total flux of the mechanical momentum ͑for example, in the channel of half width L, equal to pЈL, where pЈ is the pressure gradient in the streamwise direction͒.
Another well established fact is that when the effect of drag reduction is large, the momentum flux toward the wall is carried mainly by the polymers. Then, Eq. ͑2.8͒ gives
To estimate the frequency ͑4.15͒ we need to handle the other component of the elastic stress tensor. Examining Eqs. ͑2.12b͒ in the limit Deӷ 1 we will make the assumption that the inequalities ͑2.13͒ hold also in the strongly active regime. This assumption will be justified self-consistently below. It then follows immediately that
Now we can estimate the characteristic frequency of hydroelastic waves in Eq. ͑4.15͒ as follows:
= a ͱ DeS 0 ,
͑5.4͒
where the dimensionless parameter a Ӎ 1. One sees that indeed is much larger than ␥ = b S 0 , Eq. ͑4.6͒, as we expected. Next we can continue the analysis of the cross-correlation tensor in wall bounded turbulence. Using the estimates ͑4.6͒, ͑4.14͒, and ͑5.4͒, we notice that
Therefore one can neglect terms with ⌶ 3 on the RHS of Eq. ͑4.12a͒. Moreover, we can further simplify Eq. ͑4.12a͒, taking into account that the solution of the system of Eqs. ͑2.4a͒-͑2.4d͒ and ͑4.12a͒ preserves the structure of polymer stress tensor ͑2.12b͒ in which ⌸ 0 xx ӷ⌸ 0 xy . This allows one to neglect the two last terms in the first line of the RHS of Eq. ͑4.12a͒, where only S xy 0. After that the cross-correlation tensor Q T , given by Eq. ͑4.3͒ in terms of tensor ⌶ act , Eq. ͑4.12a͒, can be represented via the second order tensor
as follows:
Recall that we are looking for the tensorial structure of the cross-correlation tensor Q T in order to find the structure of ⌸ 0 . One sees from Eq. ͑5.5a͒ that although the tensor ⌸ 0 is strongly anisotropic ͑its components differ by powers of De͒, once contracted with the tensor ij,kl of a general form, it gives a tensor B with components of the same order in De. Then Eq. ͑5.5b͒ implies that the cross-correlation tensor Q T has components that are all of the same order in De. This result is even stronger than the assumption ͑2.13͒ in our derivation ͑that we needed to recapture self-consistently͒. Having done so we can conclude that the elastic stress tensor ⌸ 0 has the universal tensorial structure given by Eqs. ͑1.2a͒-͑1.2c͒.
Armed with this knowledge we observe that the leading contribution to B on the RHS of Eq. ͑5.5a͒ is given by ⌸ 0 xx =2 De 2 ⌸ 0 yy :
According to definition ͑4.12c͒ the tensor ij,xx = ⌶ ij,xx ͑0͒ can be evaluated as cW ij / y 2 , where y is the outer scale of turbulence ͑and distance to the wall͒, the Reynolds stress tensor W was defined by Eq. ͑2.7͒, and a new dimensionless constant c is of the order of unity. Thus one has
Now we can write an explicit equation for Q T :
where d ϵ 4b c/ a 2 .
B. Explicit solution for the polymeric stress tensor
Having Eq. ͑5.7͒ for Q T in terms of ⌸ 0 and W we can find an explicit solution for the mean elastic stress tensor ⌸ 0 in the presence of intensive turbulent velocity fluctuations and strong shear. As a first step in Eq. ͑2.4b͒ for Q we neglect the equilibrium term ⌸ eq ␦ / p since it is expected to be much smaller than Q T , which stems from turbulent interactions. Then we substitute Q = Q T into Eq. ͑2.11͒ ͓or into Eq. ͑2.12a͔͒ and solve the resulting equations. To leading order in De= S 0 p ӷ 1 ͑in each component͒ this solution takes the form Eqs. ͑1.2a͒-͑1.2c͒ with
Notice that in our approach the "constant" shear has to be understood as a local, y-dependent shear in the turbulent channel flow, according to Eq. ͑5.1͒. Correspondingly, the Deborah number also becomes y dependent.
Now Eqs. ͑5.2͒ and ͑5.3͒ provide an explicit dependence of the components of tensor ⌸ 0 on the distance from the wall:
At this point we can summarize our procedure as follows. First, we assumed that the Q tensor is not strongly anisotropic such that weak inequalities ͑2.13͒ are valid. This allowed us to use the universal form ͑1.2a͒-͑1.2c͒ of tensor ⌸ 0 in actual calculations of d the cross-correlation function Q T . Then we demonstrated that Q T indeed satisfies the required inequalities ͑2.13͒. This means that Eqs. ͑1.2a͒-͑1.2c͒ presents a self-consistent solution of the exact equations in the limit De→ ϱ. The described procedure does not guarantee that Eqs. ͑1.2a͒-͑1.2c͒ are the only solution of the problem at hand. However, we propose that this solution is the realized one, and we will check it next against numerical simulations.
C. Effective polymeric viscosity
Armed with the structure Eqs. ͑1.2a͒-͑1.2c͒ of the polymeric stress tensor, we can rewrite the equation of the mechanical balance ͑2.8͒ as follows:
This means that the polymeric contribution to the momentum flux ͑last term on the RHS of this equation͒ can be considered as an "effective polymeric viscosity" p , 
see Eq. ͑A3e͒ in the Appendix. Using here Eq. ͑5.7͒ one gets
where K = 1 2 Tr͕W͖ is the density of the turbulent kinetic energy. Having in mind that in the MDR regime W xy Ӎ K, having the same dependence on the distance from the wall, Eq. ͑5.14͒ can be rewritten in terms of the effective polymeric viscosity p , given by Eqs. ͑5.12a͒ and ͑5.12b͒:
where ͉͗ ٌ u͉ 2 ͘ was estimated as K / y 2 . Notice that the naive estimate for the effective polymeric viscosity is p Ӎ p ⌸ 0 , which exceeds our result ͑5.12a͒ and ͑5.12b͒ by a factor of De 2 . The reason for this difference is the wave character of the fluid motion; the naive result is valid for the estimate of the characteristic instantaneous energy flux. As usual in high quality waves or oscillations, the rate of energy exchange between subsystems is much larger than the rate of energy dissipation.
D. Comparison with DNS data
The tensorial structure of the polymer stress tensor was studied in fair detail in DNS for channel flows in various papers; see Refs. ͓17-21͔ and references therein. The main problem is that the large Re regime at which the universal MDR ͓2͔ is observed is hardly available. In these DNS the maximal available De was below 100 at the wall, decreasing to about 10 in the turbulent sublayer. For these conditions only up to 50-60 % of the total momentum flux is carried by the polymers. Nevertheless, we can compare our analytical results for De→ ϱ with DNS at moderate De, at least on a qualitative level.
The most frequently studied object is ⌸ 0 ϵ Tr͕⌸ 0 ͖. This object is dominated by the streamwise component ⌸ 0 xx , see, ͓21͔, etc. The accepted result is that ⌸ 0 decreases in the turbulent layer. Our Eqs. ͑5.10͒ predict ⌸ 0 ϰ 1/ y in this region. This rationalizes the DNS observations in Refs. ͓17,18,20,21͔. As an example, we present in Fig. 1 by black squares the DNS data of Ref. ͓20͔ for the largest, streamwise component ⌸ 0 xx and plotted by the solid black line the expected ͓see Eqs. ͑5.10͔͒ profile ϰ1/ y + . In spite of the fact that the MDR asymptote with the logarithmic mean velocity profile is hardly seen in that DNS, the agreement between the DNS data and our prediction is obvious.
The effective polymeric viscosity was measured, for example, in Ref. ͓17͔, Fig. 5, and lent boundary layer grows linearly with the distance from the wall. Recent data of DNS of the Navier-Stokes equation with polymeric additives ͑using the FENE-P model͒ taken from Ref. ͓20͔ are presented in Fig. 1 . The wall-normal component ⌸ 0 yy is presented by the red empty circles. One sees that ͑in the quite narrow͒ region 20Ͻ y + Ͻ 60 ͑where the mean velocity profile is close of MDR͒ the profile ⌸ 0 yy is indeed proportional to y + , as represented by the red dashed line. This is in agreement with our result; see Eq. ͑5.12b͒ and our Ref.
͓12͔.
Direct DNS of other components of the polymeric stress tensor, see, e.g., Fig. 6 in Ref. ͓20͔, also agrees with the tensorial structure of ⌸ 0 given by Eqs. ͑5.10͒.
VI. SUMMARY AND DISCUSSION
The aim of this paper was the analysis of the polymer stress tensor in turbulent flows of dilute polymeric solutions. On the face of it this object is very hard to pinpoint analytically, being sensitive to complex interactions between the polymer molecules and the turbulent motions. We showed, nevertheless, that in the limit of very high Deborah numbers, Deӷ 1, this tensor attains a universal form. Increasing the complexity of our turbulent ensemble, from laminar, through homogeneous turbulence with a constant shear, and ending up with wall bounded anisotropic turbulence, we proposed a universal form 
͑6.1͒
We rewrite this form here to stress that it remains unchanged even when the Deborah number, and with it the components of the tensor, become space dependent. Obviously, this strong result is expected to hold only as long as the mean properties, including the mean shear, vary in space in a controlled fashion, as, for example, in the logarithmic layer near the wall ͑be it a Kármán or a Virk logarithm͒.
As an important application of these results we considered in Sec. V the important problem of drag reduction by polymers in wall bounded flows. A difficult issue that caused a substantial confusion is the relation between the polymer physics, the effective viscosity that is due to polymer stretching, and drag reduction. In recent work on drag reduction it was shown that the Virk logarithmic maximum drag reduction asymptote is consistent with a linearly increasing ͑with y͒ effective viscosity due to polymer stretching. This result seemed counterintuitive since numerical simulations indicated that polymer stretching is decreasing as a function of y. The present results provide a complete understanding of this conundrum. "Polymer stretching" is dominated by ⌸ 0 xx since it is much larger than all the other components of the stress tensor. As shown above, this component is indeed decreasing when y increases, cf. Fig. 1 . On the other hand, the effective viscosity is proportional ⌸ 0 yy , and this component is indeed increasing ͑linearly͒ with y, cf. Fig. 1 . In fact, drag reduction saturates precisely when ⌸ 0 xx and ⌸ 0 yy become of the same order.
